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We review the unified description of massless spinning particles, living in spaces
of constant curvature, in the framework of the pseudoclassical approach with a
gauged N-extended worldline supersymmetry and a local O(N) invariance.
In the pseudoclassical approach 1, the spin degrees of freedom of point
particles are realized by anticommuting variables which turn into a set of gen-
eralized γ-matrices at the quantum level. This approach is essentially super-
symmetric, since the consistent treatment of a particle with spin requires twice
as many of local worldline supersymmetries as the value of spin.
The mechanics action with a gauged N -extended supersymmetry for a
massless particle in Minkowski space was suggested some years ago by Ger-
shun and Tkach 2 and investigated in detail by Howe et al. 3. In particular, it
was argued that worldline supersymmetry is compartible with arbitrary grav-
itational background only for N ≤ 2. This bound is very natural because
of the known problems with formulating the higher-spin dynamics in curved
space. Such problems do not in general arise when the background geometry is
chosen to be maximally symmetric, although it was believed 3 for a time that
Minkowski space is the only background compartible with worldline supersym-
metry for N > 2. In a recent paper 4 we have extended the Gershun-Tkach
(GT) model 2 to the cases of de Sitter (dS) and anti-de Sitter (AdS) spaces.
Our construction provides a unified treatment of the dynamics of massless
particles in spaces of constant curvature and is based on a hidden conformal
invariance.
Howe et al 3 demonstrated that in d = 3 + 1 dimensions the wave func-
tions in the GT model satisfy the conformally covariant equation for a pure
aTalk given at the Second International Sakharov Conference on Physics, Lebedev Physical
Institute, Moscow, May 20–24, 1996.
1
spin- 12N field strength (helicities ± 12N) 5. That might apparently have im-
plied conformal invariance of the model for all d and N . This proposal has
been proved by Siegel 6 who found the ansatz to obtain the GT model from
an explicitly conformal (O(d, 2) invariant) mechanics action in d space and
2 time dimensions (Siegel extended, to the higher-spin case, the construction
originally used by Marnelius 7 to represent the actions for massless spin-0 and
spin- 12 particles in a manifestly conformal form). It turns out
4 that the same
(d+2)-dimensional action can be used to derive the point particle models with
N -extended worldline supersymmetry in the dS and AdS spaces.
We consider the mechanics system in d space and 2 time dimensions with
the action 4,6 S =
∫
dτL given by
L = 1
2
Z˙AZ˙A +
i
2
Γi
AΓ˙iA − i
2
ϕijΓi
AΓiA . (1)
Here ϕij(τ), ϕij = −ϕji, are Lagrange multipliers, the bosonic ZA(τ), A =
d + 1, 0, 1, . . . , d, and fermionic Γi
A(τ), i = 1, . . . , N , dynamical variables are
subject to the constraints
ηABZ
AZB = 0, Z 6= 0 (2)
ηABZ
AΓi
B = 0 (3)
with ηAB = diag(− − + . . .+). Hence the variables ZA parametrize the cone
Q in Rd,2, whilst Γi
A form n tangent vectors to point Z of the cone.
Along with the explicit global O(d, 2) invariance (conformal invariance),
the model possesses a rich gauge structure. The action remains unchanged
under worldline reparametrizations and local O(N) transformations 4,6. More-
over, the action is invariant under local N -extended supersymmetry transfor-
mations of rather unusual form 4. These transformations involve an external
(d+2)-vectorWA, chosen to satisfy the only requirement (Z,W ) = ZAWA 6= 0
for the worldline {ZA(τ),ΓiA(τ), ϕij(τ)} in field, and read as follows
δΓi
A = ZA
•
αi −Z˙Aαi + i
(Z,W )
Γi
BΓjBαjW
A,
δZA = iαiΓi
A, δϕij = − i
(Z,W )
α[i
•
Γj]
AWA . (4)
Here
•
αi denotes an O(N)-covariant derivative,
•
αi= α˙i − ϕijαj , and similarly
for
•
Γi
A. The origion of the last term in δΓ is to preserve the constraint (3).
The expressions (4) become W -independent only on the mass shell. Off-
shell, however, the supersymmetry transformations do not commute with the
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conformal ones, in spite of the manifest O(d, 2) invariance of L ! What is the
physical origion of the presence of W -terms in (4)? It turns out that the fixing
of W breaks the O(d, 2)-invariance and uniquely specifies some d-dimensional
spacetime which is embedded into the compact projective space PQ related to
the cone (2). PQ is defined as the set of straight lines through the origion of
the cone. Associated to a non-zero (d+2)-vectorW is the d-dimensional open
submanifold MW in PQ
MW = {Z¯A ∈ PQ, e−1 ≡ (Z,W )2 > 0} (5)
which can be parametrized by constrained d + 2 projective variables of the
form
ζA =
ZA
(Z,W )
, ζ2 = 0, (Z,W ) = 1. (6)
Introducing on MW the metric ds2 = dζAdζA = edZAdZA, MW turns into
a spacetime of constant curvature. Three inequivalent choices for W :
WA(M) = (−
1√
2
, 0, . . . , 0,
1√
2
), WA(AdS) = (0, . . . , 0,
1
r
), WA(dS) = (
1
r
, 0, . . . , 0)
leads to Minkowski, de Sitter (dS) and anti-de Sitter (AdS) spacetimes, re-
spectively; (±12r−2) being the curvature of the dS (AdS) space. The stability
group of WA in O(d, 2) is seen to be the symmetry group of the corresponding
spacetime. With respect to the symmetry group, Γi
A is naturally decomposed
as follows
λi = e(Γi,W ), Ψi
A = Γi
A − (Γi,W ) Z
A
(Z,W )
. (7)
Eqs. (5–7) define the reduction of the conformal model (1) to d spacetime
dimensions. The variables e and λi proves to enter the final Lagrangian as the
einbein and N -extended worldline gravitino respectively.
As an illustration, let us apply the reduction procedure described to the
case of the AdS space. This space can be parametrized by d + 1 constrained
variables yA ≡ ζA, where A = d+1, 0, 1, . . . , d−1 (note ζd = r). For fermionic
variables one gets
λi =
1
r
eΓi
d, Ψi
A = Γi
A − 1
r
yAΓi
d, Ψi
d = 0. (8)
The bosonic yA and fermionic Ψi
A degrees of freedom are constrained by
yAyA = −r2, yAΨiA = 0 . (9)
3
Thus Ψi present themselves N tangent vectors to point y of the AdS hyper-
boloid. Now, the Lagrangian turns into
LAdS = 1
2e
(y˙A − iλiΨiA)(y˙A − iλjΨjA) + i
2
Ψi
A(Ψ˙iA − fijΨjA) . (10)
where we have redefined ϕij = fij+
i
e
λiλj . The supersymmetry transformation
(4) takes the form
δyA = iαiΨi
A, δΨi
A = −1
e
αi(y˙
A − iλjΨjA)− i
r2
yAΨi
BΨjBαj ,
δe = 2iλiαi, δλi = α˙i − fijαj , δfij = − i
r2
α[iΨj]Ay˙
A . (11)
It is of interest to reformulate the model in terms of internal (uncon-
strained) coordinates xm, m = 0, 1, . . . , d − 1, on the AdS space. Then LAdS
takes the form 4
LAdS = 1
2e
gmn(x˙
m − iλiψiaeam)(x˙n − iλjψjbebn)
+
i
2
ψi
a(ψ˙ia − fijψja + x˙mωmabψib) . (12)
Here gmn is the metric of the AdS space, em
a and ωmab = −ωmba its viel-
bein and torsion-free spin connection, respectively; a, b are tangent-space in-
dices, a, b = 0, 1, . . . , d − 1. The unconstrained fermionic variables ψia carry
a tangent-space vector index and are defined by the rule ψia = ea
m ∂y
B
∂xm
ΨiB.
Remarkably, LAdS presents itself a minimal covariantization of the flat-space
Lagrangian 2. The supersymmetry transformations inevitably involve, how-
ever, curvature-dependent terms 4.
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